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Let p be a fixed odd prime and k an algebraic extension of Z/pZ such that k*, 
the multiplicative group of k, is 2-divisible. Let x be a fixed element, transcen- 
dental over k. Let n be either l/x or a prime in k[x], and F,, the completion of 
k(x) with respect to the discrete rank 1 valuation that n gives rise to. Let 0, 
be the ring of integers of F,, . Consider the integral quadratic form Q(X, Y) = 
aXa + bXY + cYe, a, b, c E k(x), and X and Y taking values in k[x]. Two such 
forms are said to be in the same genus if they are equivalent over 0, for all TI. 
They are in the same class if they are equivalent over k[x]. The class number 
ha of such a form is the number of classes in a genus. We prove the following: 
All forms of the above type with a, b, c E k[x], (a, 6, c) = 1, ba - 4ac = A 
with fixed A (up to multiplication by a constant) are in the same genus. If  
degA<2,hQ=1.1fdegA>3,hB= ~0. 
Let p be an odd prime, and k an algebraic extension of Z/pZ, such that 
k*, the multiplicative group of k, is 2-divisible, i.e., the maximal 2-extension 
of Z/pZ in k is infinite [6]. Let x be a fixed element, transcendental over k. 
Let ~7 stand for either a prime element of k[x], or l/x. Then n gives rise 
to a discrete rank 1 valuation on k(x). Let Fm be the completion of k(x) 
with respect to the corresponding valuation. 
Given a quadratic form in two variables over k[x], we will inter- 
changeably, depending upon convenience, refer to it either directly 
(Q(X, Y) = aX2 + bXY + cY2, a, b, c E k(x), and X and Y taking values 
in k[x]), as a lattice L on a 2-dimensional quadratic space Y over k(x), 
or as a symmetric 2 x 2 matrix [5, Chapter 81. 
The scale, sL, volume, vL, genus, gen L, and class, cls L, of a lattice 
(or form) L are defined as in [5]. We are concerned mainly with one 
question: The class number of integral quadratic forms, i.e., how many 
classes of forms are there in a given genus of forms. 
Remark. For any rr, F, is a complete, local, nondyadic field with a 
discrete valuation, hence [5, Section 921 an n-dimensional lattice L, over 
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F,, has an orthogonal splitting L, B (al) J.. *** 1 (oI,J, where, since 
k is 2-divisible, 0~~ = +i, rl < r2 < *.* < rn , and L, is completely 
determined by the (ri}. 
PROPOSITION 1. Let L and K be 2-dimensional lattices over k(x). Then 
K E gen L if and only if SK = sL, and vK = vL. 
Proof. From [5], if K E gen L, then the result follows, so we need 
only prove the converse. Suppose SK = sL, and vK = vL. We may assume 
by scaling that SL = k[x]. Also, since k[x] is a p.i.d., VL = Ak[x], A E k[x]. 
Consider any T. Since sL, = 0, (the ring of integers of F,,), 
L, w  (1) I <e, 
where r, = ord, d. Similarly, K, m (1) I (+‘R), hence K,,~cls L, for 
all T. Q.E.D. 
We shall now calculate the class number of a lattice L of scale k[x] 
and volume @I). 
Since k[x] is a p.i.d., all lattices are free k[x]-modules, hence we can 
write L = (z c), and we have L M K if and only if there is a unimodular 
matrix T such that TLTt = K, where Tt is the transpose of T. Since we are 
assuming SL = k[x], we have 01, /3, y E k[x], and (ar, j3, r) = 1. We may 
also assume d = 01y - #P. 
As in [3], we have the following equations: 
Equation (1) allows us to assume that deg /I < deg (Y. (deg 0 = - co). 
Equation (2) allows us to assume that deg 01 < deg y, and Eq. (3) 
allows us to assume that cy. and y are manic. We say that such a lattice 
is in reduced form. 
PROPOSITION 2. Zf deg A < 2, and A is either a unit or a non-square, 
then [gen L: cls L] = 1. 
Proof. Case 1: deg A = 0. By (l)-(3), L w  (: !). 
Case 2: deg A = 1. By (l)-(3), L = (: .!,) 
Case 3: deg A = 2. We may suppose A = (x - a)(x - b), 
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a # b. Let KI = (i i) and K, = (“;” &). By (1) and (3) any lattice L 
with a unit in the (1, 1) position is in the same class as Kl , so suppose 
L = (“;y’ ,&,,) where a’ + b’ = a + b, and 0 # c’ = qa’b’ - ab. jk* is 
2-divisible, so L exists and, by Proposition 1, is in the same genus as Kl . 
Let 
1 _____ 
P= 
All the entries of P are units, and 
det p = 1 + (-+” = a’b’ - ub + ;;Z- 2aa’ + a’2 
= a@ - b) + a’(a’ + b’) - 2aa’ 
cJ2 
= a(a - b) + a’(a + b) - 2~x2 
Cl2 
= (a - 4@ - 4 + o 
Cf2 
9 since a # a’, a # b. 
So P is unimodular. Also one checks that PLPt = K,, hence cls L = cls K,. 
But 
K,’ = 
b-a 
d/-1 (x - b) 
“-:“,“‘) = (:, “y)K2(& ;) 
has a unit in the (1,l) spot; hence K,’ E cls K,; hence K, E cls Kl ; hence 
[gen L: cls L] = 1. Q.E.D. 
LEMMA 3. Suppose deg A = 21-l 1, /EZ, 12 1. Suppose L = (i E) 
is in reduced form. Then any lattice K E cls L, which is in reduced form, 
must have a! as the (1, 1) entry. 
Proof. Suppose K = e 2) E cls L is in reduced form. 3 a unimodular 
matrix P = (dS d4) l ‘2 such that PLPt = K, Thus we must have 
01~ = d12a + 2d,d2/3 + d22y. 
Since L is in reduced form deg A = deg 01+ deg y, and since deg A 
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is odd deg CL + deg y (2). Thus deg 01 < ideg d < deg y. Similarly 
degar,<#degA<degy,.Sincedeg~<degol,ifd,#O#d,, 
deg 01~ = max(2 deg dl + deg 01,2 deg d2 + deg y) 
Z deg y > +deg A, 
which would be a contradiction. If d, = 0, deg a1 >, deg y 3 &deg A, 
which would also be a contradiction. Therefore d, = 0, so a1 = d,%. 
But P is unimodular, so we have 
0 = deg(det P) = deg(d,d, - d,d,) = deg(d,d,), 
so deg dl = 0. Also we must have 01~ manic, so dl = 1, so 01~ = 01. Q.E.D. 
PROPOSITION 4. If deg A = 21+ 1, L as above, then [gen L : cls L] = co. 
Proof. Let x - a be such that (X - a) r A and (x - a) ‘I 0~. Then 
we have A = 9,(x)(x - a) + r, where r E k*. Hence 
is a lattice of scale k[x], volume (A), and is in reduced form. By Proposi- 
tion 1, K, E gen L. By Lemma 3, K, $ cls L. Similarly, for any b # a 
such that (X - b) f A, and (x - b) { CL, K,, $ cls K, . Since we have infinitely 
many K, , none of which are in the same class, [gen L : cls L] = 00. 
Q.E.D. 
In general, we have A as a square multiple of the discriminant of the 
underlying quadratic space. Since - 1 E (k*)Z, we have an isotropic space 
if and only if A is a square. We now consider the case where A E (k(x))2. 
PROPOSITION 5. Suppose A = ~9, deg A = 2. Then [gen L : cls L] = 1. 
Proof. By Theorem 81:3 in [5] and the fact that A is a square we may 
write 
Since deg cy = 1, SL = k[x], 2 is a unit, and 
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we may assume p is a unit. By Eq. (3) we may assume p = 1. If we aplpy 
Eq. (2) and then successively apply Eq. (1) as needed, we find 
L 
1 0 
= 0 A.’ ( 1 Q.E.D. 
PROPOSITION 6. Suppose A = 03, deg A > 2. Then [gen L : cls L] = 03. 
Proof. Consider L = (z i), L’ w  (I F). We may assume deg /3 < deg a, 
deg /3’ < deg LY, @, a) = 1 = (/?‘, a). Suppose L = L’. Then 
where (2 2) is unimodular. Then we have 
0 = 2d,d,ci + dz2/3, 0) 
01 = d,d,a + ddp + 44% and (ii) 
B’ = 2d,d,or -/- d,=/3. (iii) 
Case 1. dz = 0. Then by (ii), d,d,a = 01, which implies that d4 is a unit. 
Since deg /3’ < deg LY, (iii) gives us that d3 = 0; so /3’ = &, where p is 
a unit. 
Case 2. dz # 0. Then by (i), 2dla + d&l = 0; so 
(iv) 
Since (/3, CL) = 1, LY 1 d2 . If we substitute (iv) in (ii) we get 
Since (Y 1 dz , we must have d3a + p/2 dd = p, where /-L is a unit. Hence 
da = (p - $d#x (4 
Substituting (vi) in (iii), we get 
P’ = 2t.4 , (vii) 
BINARY INTEGRAL QUADRATIC FORMS 253 
and (vi) and (vii) give us 
4 = p - (/3/3’)/4~. (viii) 
If deg 01 > 3, this is impossible if we choose both /3 and /?’ linear, which 
gives us infinitely many lattices of scale k[x] and volume (d), none of 
which are in the same class. If deg a: = 2, then d3 = v, a unit. (viii) is now 
a quadratic equation. p and u allow us to adjust the constant term and 
either the linear term or the quadratic term but not both; so we can easily 
find infinitely many mutually exclusive fl and /3’, i.e., such that (viii) does 
not hold. Q.E.D. 
We now come to the case where deg A = 21,l >, 2, and A is not a square. 
First we shall assume A is square free. We write k = UT=, ki where ki is 
finite and ki C kj for i < j. We will now consider the forms 
Q(X, Y) = ax2 + bXY + cY2 
directly, where a, b, c E k(x). We were concerned with lattices of scale 
k[x] and volume (A). This is equivalent to a, b, c E k[x], (a, b, c) = 1, 
and (for convenience) A = b2 - 4uc. We now refer to A as the discriminant 
of the form Q. 
Let Li = k&)(~@, and L = k(x)(d& Then Oi = k&](v’a is the 
ring of integers of Li , and 0 = k[x](d/ziT is the ring of integers of L. 
Let hi be the number of ideal classes of Od , and h the “number” of ideal 
classes of 0. 
We shall assume that each ki has qi elements. We will also assume that kd 
contains 1/-i‘ and the square roots of all the coefficients of A, and that the 
prime decomposition of A in k,[x] is identical to that in k[x]. 
We give all elements in k&x) a valuation as follows: 01 E k,(x), 
a = r(x),%(x), r, s E k[x], 
j o1 1 = qi(dew-degs). 
(4) 
We can complete kd(x) with respect to this valuation. By our above 
assumptions, dz is in the completion. Thus, in the sense of Artin [I ] 
Li is a “real” extension of ki(x). We have 
I VT1 = qi’, where deg A = 21. (5) 
E=U+Vti is a unit in Li iff N(E) = c, where c E ki , i.e. 
U2 - Y2A = c. We say E is a trivial unit if 1 E ] = 1. By substituting qi 
for p in Section 14 of [l], we see that Li contains a nontrivial unit, ~~ , 
6411413-3 
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such that I l i j > 1, and all other units E are of the form UE~~, a E ki , 
m E 2. Define Ri by 
( Ei j = qy. (6) 
Let S be the set of primes of Li lying over l/x. S has either one or two 
elements. Let 9 be the group of divisors of Li , and Bs the group of 
S-divisors, i.e., the group generated by all primes except those in S. 
Clearly, we have 
(1)-+@3~~~.r+(1), (7) 
where f is the obvious map and 4 is the kernel. If we look at divisors 
of degree 0, we get 
(l)~~+-~*~,. (8) 
This leads to 
(1) -+ @“/Es -+ Co --+ Cs, (9) 
where Es is the divisors of S-units i.e., the set of units in Li , Co is the group 
of divisor classes of degree zero, and Cs is the S-divisor class group. 
PROPOSITION 7. hi -+ co as i -+ co. 
Proof. Let < be the order of Co in (9). Then by [4], hi--+ co as i - 00. 
From the preceding discussion and the Dirichlet Unit theorem, S has 
two elements, say 8, and B, . Then clearly %‘I = 2. Then Eq. (6) gives us 
1 W/E, / = Ri . Hence from (9) and the fact that Cs is isomorphic to the 
group of ideal classes of Oi we have hi 3 h,lR, . For j > i, E$ is a nontrivial 
unit in L, , so Rj < Ri . Thus hi 3 x/R, , which gives us our result. Q.E.D. 
THEOREM 8. h = co. (The main idea of this proof is due to Professor 
Michael I. Rosen.) 
Let I be the ideal class group of 0, and Ii the ideal class group of Oi . 
For i < j there is an obvious natural homomorphism qii : Zi -+ Z, , and 
a homomorphism q+ : Ii 4 I. Clearly if i <j < I, vii = vjl 0 vpij , and 
9% = Yb o vi1 . Let J = l&. J is a subgroup of I. (In fact, J = I.) 
We will be through if we can show that each yij is injective, for then 
each vi will be, and 1 will contain subgroups of arbitrarily large order. 
Let A be an ideal in Oi representing an element in the kernel of qij . 
Then in Oj , A = (a) (we identify A with its image). Let (7 E G(Lj/Li). 
u will leave A fixed (since it will leave a module basis fixed), hence 
(a) = A = Au = (a”). Thus 01 and C/J differ by a unit, and in fact a trivial 
unit since 0 will not change the valuation. Thus we have 01~ = U,OL, 
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Q, E kj*. If 7 E G(L,/&), a,,or = CP = U,W = a,%,ol; so (uU} represents 
a I-cocycle; hence an element of H1(G(kj/ki), kj*). 
(Recall G(L,/I+) = G(kJkJ.) 
But by Hilbert’s “Theorem 90” this cohomology group is zero, hence 
(a,} is a coboundary, hence 3 b E kj* such that a, -= bIba. Thus we have 
(bay = ba for all u E G&/L,); hence bol E Li . The ideal (ba) = (a); 
so we have A = (ba). Since ba E Li , A is principal in Li , and v’ri is 
injective. Q.E.D. 
Now, using a similar line of attack to that in [2], we will show that there 
are at least one-half as many classes of our integral quadratic forms as 
ideal classes in 0. 
Consider a quadratic form Q(X, Y) = uX2 + bXY + cY2, a, b, c E k[x], 
(a, b, c) = 1, and b2 - 4uc = A. Let Q*(X*, Y*) be another such form. 
Then [2, Chap. 12, Section 41 Q and Q* are in the same class iff 3 p, q, r, 
s E k[xJ such that ps - qr f k*, X = pX* + qY*, Y = rX* + sY*, and 
Q(X, Y) = Q*(X*, Y*), i.e., (,” 3 is the matrix of a unimodular trans- 
formation on the two-dimensional vector space where Q and Q* are 
defined. 
For ideals in 0, we will write A = [01, /3], where OL and /3 form a module 
basis for A over k[x]. If 01 = f(x) + g(x) VT, 01’ = f(x) - g(x> VJ, 
and A’ = [a’, 8’1. 
For an element 01 E L, Nol = 01&‘, and for an ideal A E 0, 
NA = det ( z, i )/a where A = [a, /3]. 
LEMMA 9. Let A = [a, ,t?] be an ideal in 0. Then the quadratic 
Q(X, Y) = N(aX + /Iy)/N(A) = uX2 + bXY + cY2 hus integral toe@- 
cients and has discriminunt A. (Note that the above conditions imply 
(a, b, c) = 1.) 
Proof. Same as the first part of the proof of Lemma I in [2, Chap. 12, 
Section 51. 
LEMMA 10. Let Q(X, Y) = uX2 + bXY + cY2 be one of our forms. 
Then the module A = [a, (b - 1/4)/2] is an integral ideul in 0. 
Proof. If it is an ideal, it is clearly integral. Suppose ty E 0. 
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Short calculations show 
and 
acl = (f + bg)a - 2ag(6 - v3/2 E A, 
f,(6 - di& = (2gc)a + (f - 6g)(b - 44)/2 E A. Q.E.D. 
PROPOSITION 11. Suppose A = [OI, /3] is an ideal of 0. Let Q(A) be 
the quadratic form derivedfrom A by Lemma 9. Let A* be the ideal derived 
from Q(A) 6y Lemma 10. Then A -A* (i.e., they represent the same 
element of I). In particular, note that at least one ideal in each class “comes 
from” one of our forms. 
Proof. 
’ a/3’+/3a’ 
A*=[$ 
dA 
2NA -----, 2 I 
N(A) = -& (a/3’ - /k&Y’). 
Thus 
(NA) A* = [ml, &(cY/9 + /la’) - 4 AETNA] 
= [OICY’, @x’] 
= (~‘[a, p] = dA. 
Thus A* -A. Q.E.D. 
PROPOSITION 12. Let Q(X, Y) = ax2 + 6XY + cY2 be one of ourforms. 
Let A(Q) be the ideal derived from Q 6y Lemma 10. Let Q* be the form 
derivedfrom A(Q) 6y Lemma 9. Then Q = Q* (not just Q - Q*). 
ProoJ A(Q) = [a, &(6 - 431. N[A(Q)] = a. 
Q* = i [a2X2 + (&[a6 + a &f-l+ a[ab -a a]) XY + &(6” -A) Y2] = Q. 
Q.E.D. 
PROPOSITION 13. Suppose Q, and Q, are two of our forms and that 
Q, - Q, . Let Ai be the ideal derivedfrom Qi by Lemma 10. Then either 
A,-A20rAl’-AZ. 
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Proof. (Similar to [2, Chap. 12, Theorem 61). Let A, = Cc+, j3J and 
AZ = [01~, j&I. By Lemma 9 and Proposition 12, we have 
X1 , X, , Y1 , Yz are related by X, = pX, + q Yz , Yl = rX, + sY, , where 
p, q, r, s E k[x], ps - qr E k*, and 
Qdxl > YI) = Q,<& , Y2) (*I 
for all values of X1, X, , Y, , and Y2 under the above relationship. Nor- 
mally, we restrict X, , X, , Y1, Yz to values in k[x], but suppose, tempo- 
rarily, we allow values in L. (*) must still hold; so if X, , Y2 are such that 
X,/Y2 = --&/oz~ , then either 
or 
X B’ l--l!...- 
Jy g” 00 
for the zeros must coincide. Suppose (a) holds. Then 
B x2 2- ---= PXI + qY1 = P(-w%) + 4 = -P/% + 4% . 
012 Y2 rXl + sYl r(-W3 + s -r& +sa, ' 
a2 t92 h 
sal-r/3l = -qfxYr+pfll =FT 
and 
hence pa2 = (-r/3, + s&X 
432 = (Pi4 - 4%)x; 
hence ~4, = b2, 143~1 
= b(h) - 4VU --4GW + PG+%II 
= [Ax, , A~,] (Since ps - qr E k*) 
= WJ, so A2~A,. 
If (b) holds, in a similar manner we find A, N Al’. 
(4 
Q.E.D. 
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THEOREM 14. If deg A = 21, I > 2, and A is square-free, then 
[genL:clsL]= co. 
Proof. By Proposition 11 each ideal class “comes from” one of our 
forms (or lattices). By Proposition 13 there are at least one-half as many 
classes of forms as classes of ideals. By Theorem 8 there are infinitely 
many ideal classes, hence infinitely many classes of our forms. By 
Proposition 1, all such forms fall in the same genus. Q.E.D. 
We are now left with the case where A = Al2 A,, deg A, 2 1, 
deg A, = 241 > 1 and A, is square-free. We look at this problem by 
considering the integral domain Odl = [l, dz] contained in k(x) dA< . 
This is similar to the orders described in [2], and we look at it in a similar 
way. 
Given an ideal A = [(Y, p] in Od, , we define the “norm” similar to 
norm in the ordinary sense: 
We note that any ideal A in Od, has a canonical module base 
A = [a, b + cfi], where a, b, c E k[x]. We will assume all ideals are 
written with respect to such a base. We will consider only ideals A such 
that (NAI(A), A,) = 1. 
Let Q(X, Y) = aX2 + bXY + cY2 be one of our forms. Then 
(a, b, c) = 1, a, b, c E k[x], and b2 - 4ac = A. We will consider only 
forms with (a, A,) = 1. 
Using the correspondence Q -+ A(Q) = [a, &(b - d)] and 
A = [a, fi]+ (ax + BY)(a’X + B’Y)/N,,(A), 
and noting our restrictions of the previous two paragraphs, we easily see 
that propositions similar to 9-13 go through. Thus we can show that there 
are infinitely many classes to a genus, in this case, if we can show that 
OA, has itinitely many classes of ideals whose norm is prime to A, . 
As before, let k = UT-l ki . We consider OAzsi C k,(x)(dAy), and look 
at hAl,i, the number of classes of ideals whose norm is prime to A, . We 
wish to show hd,,( -+ co as i -+ co. 
Following Proposition 6, a number of remarks were made about 
k(x)dx We shall assume they hold for k(x)( dA<). 
We note that the results in [2, Chap. 7, Section 6-S] go through for 
0 . . Hence any ideal in 0, i whose norm is prime to A, can be written 
ul&ely as a product of prime ideals. We also note that the proof of the 
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existence of a nontrivial unit in k,[x](d& depended only on d not being 
a perfect square; so OA!,i has a nontrivial unit, which generates all units of 
Od,,i up to multiplicatron by a trivial unit. Call this unit E~,,~ , and write 
1 l A,3 1 = qfAp. (10) 
There is the zeta function for kJx]( l/x) 
where the sum is over all ideals in k[x](d&), and the product is over all 
prime ideals, and which converges for Re(s) > 1. Carrying out calculations 
similar to those in [l], we see 
lim (S - 1) Z(S) = (aI 1) Ri hi . 
I l/o, I 1% 4i 
(11) 
8’1 
we can define a Zeta fUI’ICtiOn on OA,.i by 
((NA,(A)> 4l) = l) 
=l-J l 
p l- ,N’P,S 
((NA,(p)~ b) = l> (12) 
(since these ideals can be written uniquely as products of prime ideals). 
We see by looking at [I, Section 171 that 
zAl(s) = Eiz(s) (13) 
whereE,+lasi-+co. 
Carrying out calculations similar to [l Section 191, we see 
lim (S - 1) Z@) < 
(4i - 1) RAl,hAl,i 
S’1 I &I log qi ’ 
(14) 
where the inequality occurs because of our restriction to ideals whose 
norm is prime to Ll, . 
Equations (1 l), (13), and (14) give us 
hiRi 3 1, RAl,i > Rdl,* for i <j; SO we have 
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PROPOSITION 15. & hdl,( = co. 
PROPOSITION 16. /z4, = w. 
Proof. Same as proof of Theorem 8. 
The above material and Proposition 16 give us 
PROPOSITION 17. rf0 = AI2 A,, wheredeg d, = 21, I > 1, degd, 3 1, 
then ken L : cls L] = w. 
Putting everything together, we have 
THEOREM 18. Let L be a lattice of scale 0 and volume (A). Then if 
degA<2,[genL:clsL]=l.ZfdegA>3,[genL:clsL]=w. 
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